Abstract. There are two basic approaches to studying the effects of density blobs and edge fluctuations on the coupling of electron cyclotron (EC) radio frequency waves to the core of tokamak plasmas. The first is the geometric optics approach in which the effect of fluctuations is to change the refractive properties of the EC beam or rays. There are two consequences of refractive scattering -diffusion in real space leading to a spatial deflection of the rays and diffusion in wave vector space leading to the broadening of the launched spectrum. The geometric optics approach is limited to small density fluctuations of 10% or less. The second approach to studying the effect of blobs on EC fields is using the full wave approach. This approach extends the range of validity well beyond that of geometric optics; however, it is theoretically and computationally much more challenging. In this paper a full wave model for scattering of radio frequency waves is developed.
Introduction
In fusion plasmas, radio frequency (RF) waves in the electron cyclotron (EC) and lower hybrid range of frequencies are commonly used to modify the current profile. In ITER, EC waves are expected to stabilize the neoclassical tearing mode by providing current in the island region. The RF waves propagate from the excitation structures to the core of the plasma through a dynamic edge region characterized by large density fluctuations and blobs [1, 2] . These fluctuations can scatter RF waves through refraction and diffraction.
The usual treatment of refractive scattering is based on the geometric optics approximation. Using this approach we have developed a Fokker-Planck model for refractive scattering [3] . We find that the scattering from a random distribution of blobs can diffuse rays in configuration space and in wavevector space. The diffusion in space can make the rays miss their intended target region, while the diffusion in wave-vector space can broaden the wave spectrum. The latter can lead to modifications of the current profile and a lower current drive efficiency. The geometric optics approach is of limited validity as it is restricted by, at least, two aspects. It is not valid for density fluctuations that are 10% or more of the ambient density. From experimental observations it is evident that density fluctuations are generally much larger [4] . These large fluctuations not only lead to refraction but also to reflection of RF waves. Another limitation of geometric optics approximation is that it does not account for geometric differences between the phase front of the RF wave and the spatial profile of the fluctuations and blobs. In other words, geometric optics does not include the effect of diffraction.
In order to study the effect of large density fluctuations in the form of blobs, we have developed a a full-wave model for wave scattering which extends well beyond the limitations of geometric opa e-mail: abhay@mit.edu tics. This model, a first of its kind study on scattering of plasma waves by blobs, includes diffractive scattering of waves as well as coupling of the incident wave to other propagating plasma waves. In particular, an incident ordinary wave in the EC frequency range can couple power to the extraordinary wave through scattering by blobs.
In the full wave theory, the vector Helmholtz equation is solved for the electromagnetic fields inside the blob and for the scattered fields outside the blob. The incident wave induces charge oscillations inside the blob leading to waves propagating in all directions inside the blob. The geometry of the blob manifests itself through the boundary conditions at the surface of the blob. The boundary conditions require the existence of scattered electromagnetic fields outside the blob. The combination of the incident wave and scattered fields has to match with the electromagnetic fields inside the blob through the appropriate boundary conditions satisfying Maxwell's equations. Our model leads to diffractive scattering and excitation of waves different from the incident wave. So the full wave treatment can lead to interesting modifications of the incoming EC wave.
From experimental observations it is found that the speed of propagations of the fluctuations and blobs is of the order of 5 × 10 3 m s −1 [2, 4] . This is slower than the group velocity of the incoming EC wave by several orders of magnitude. The frequency of temporal variation of the fluctuations is less than 1 MHz. So the EC frequency is several orders of magnitude higher than the fluctuation frequency.
Consequently, in our model we will assume that the blobs are stationary. Observations also show that the scale lengths of the blobs typically range from about half a centimeter to several centimeters [2, 4] .
In this paper we develop the analytical basis behind the full-wave scattering model and then apply it to the scattering of EC waves by a blob in a typical ITER-type edge plasma. The results in this paper are to demonstrate the physics that is inherent to full-wave scattering. More detailed numerical analysis will be forthcoming in other publications where detailed consequences of the full-wave scattering model will be discussed.
Description of the geometry and the plasma
We assume that the density of the background plasma and of the plasma in the blob are spatially uniform. The ratio of the density in the blob to the density of the background plasma is not constrained. The plasma is cold and the blob is a sphere of radius a. We use the spherical coordinate system with the origin being at the center of the blob. The position vector r is given by (r, θ, ϕ) where r is the radial distance, θ ∈ [0, π] is the polar angle, and ϕ ∈ [0, 2π] is the azimuthal angle. The propagation vector k is represented in its own spherical coordinate system by (k, θ ′ , ϕ ′ ). The ambient magnetic field in which the plasma and the blob are immersed is taken to be uniform and along the z direction of the Cartesian coordinate system. The plasma is stationary and the electromagnetic RF fields have a time dependence of the form exp (−iωt) where ω is the angular frequency of the RF fields.
In the spherical coordinate system of the propagation vector k, the plasma permittivity tensor is obtained by an appropriate transformation of the Cartesian permittivity tensor [5] . This transformed tensor is
The elements of ↔ K are given by
where ω pe (ω pi ) and ω ce (ω ci ) are the angular electron (ion) plasma frequency and cyclotron frequency, respectively, and the index ı represents all the ion species in the plasma. The permittivity tensor of the background plasma and of the blob are expressed in terms of their respective densities and ion compositions.
Electric and magnetic fields
The spatial form of the electric fields in a plasma is given by the Faraday-Ampere equation
where c is the speed of light. We solve for E(r) by using the Fourier transform
Substituting this form into (3) yields
where
is the dielectric tensor. Here kk is a dyadic and ↔ I is the unit tensor. In general, the above equation is satisfied if
For a non-trivial solution to the Fourier transformed electric field, we require that
where det denotes the determinant of the tensor. From (8) we obtain the dispersion relation relating the angle of propagation θ ′ to the magnitude of k
where ck/ω = n k is the index of refraction, and
For a given angle of propagation θ ′ , there are two real roots for n 2 k so that n k is either purely real or purely imaginary. Of
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the four roots for n k only two are independent. The other two can be obtained by appropriate rotations in θ ′ and ϕ ′ . From Eq. (7) we can evaluate the polarization of the electric field. For example, one possible set of polarizations is
where E has the components
in the spherical coordinate system defined by k, and
Plane wave dyadic
In order to construct E (r) in Eq. (4) we need to express exp (ik. r) in the spherical coordinate system. Following [6] , the plane wave dyadic is [6, 7] . These are defined in the appendix section of this paper. We have used the arrows to indicate that these functions are vectors in order to avoid confusion with various labels and indices.
Incoming plane wave
The plane wave incident on the blob is expressed in spherical coordinates by taking the dot product of the electric field vector of the incoming wave with the dyadic in (13). Thus,
where θ 0 and ϕ 0 are the propagation angles in spherical coordinates. Additionally,
where E 0 is the amplitude of the electric field with the polarizations as indicated above, and the unit vectors are along the appropriate directions. For the incoming wave we can set ϕ 0 = 0 without any loss of generality. For a prescribed θ 0 we obtain two values of k 0 from (9) . By choosing the appropriate k 0 we obtain the corresponding polarization from (7). For example, if the incoming wave is the ordinary wave in the electron cyclotron range of frequencies then we choose the k 0 appropriate for this wave. The vector harmonic functions in the expression for the incoming wave include only the spherical Bessel functions of the first kind [8] .
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Fields inside the blob and scattered fields
The electric fields inside the blob and the scattered wave fields are obtained in exactly the same way. We express the Fourier transformed electric field as
is the amplitude of the field. From the dispersion relation (9) we know that k depends only on θ ′ and is independent of ϕ ′ . Also, for each θ ′ there are only two values of k. The electric field polarizations given by (7) , and illustrated in (11) and (12)
where the summation is over the two normal modes of the plasma given by (9) . The summation includes the amplitude of the electric field of each of the two modes and the corresponding polarization as indicated in (16). The δ functions arise because for each θ ′ there are only two discrete values of k. Since E kℓ (θ ′ , ϕ ′ ) has to be a periodic function of θ ′ and ϕ ′ , it can be expressed in terms of the spherical surface harmonics Y nm (θ ′ , ϕ ′ ) which form a complete set (see the appendix). So the Fourier transformed electric field is
We substitute (18) along with the dyadic (13) into (4). The integral over k and ϕ ′ can be easily carried out so that the following expression for the electric field is obtained
The above expression has two important features. It shows that the scattered and blob fields include all the normal modes of the plasma, not just the normal mode corresponding to the incoming wave. The fields also include all possible directions of propagation. As noted above, the form of the electric field vectors is the same for the fields inside the blob and the scattered fields. The change in the densities between the plasma in the blob and the background plasma is implemented through different values of the wave number k and the polarizations of the corresponding fields. For the blob fields, the vector harmonic functions include the spherical Bessel functions of the first kind since we require the fields to be regular at the origin. For the scattered fields, the vector harmonic functions include Hankel functions of the first kind [8] . The choice is dictated by the requirement that the spatially asymptotic form of the scattered fields correspond to outgoing wave fields.
Boundary conditions
We assume that there is no free charge density or current density on the surface of the blob which separates the interior of the blob from the background plasma. Then the boundary conditions require EC-17 Workshop 01003-p.5 the continuity of the following at the surface of the blob r = a [9] [r .
where ↔ K bl and ↔ K pl are the permittivity tensors for the plasma inside the blob and the background plasma, respectively, E bl is the electric field inside the blob, and E sc is the scattered wave electric field. B are the the magnetic fields corresponding to the waves indicated by the subscripts and are obtained from Faraday's equation
The conditions (20), (22), and (23) are obtained from Gauss', Faraday's, and Ampere's equations, respectively, while the condition (21) is from ∇. B = 0. It can be easily shown that of the six boundary conditions only four are independent. We choose the four boundary conditions to be those given by (22) and (23). These boundary conditions lead to equations which relate the coefficients E bl ℓn ′ m and E sc ℓn ′ m for the blob and scattered fields, respectively, to the incident field amplitude E 0 in (14) and (15). Without loss of generality, we can set E 0 = 1, which means that the fields inside the blob and the scattered fields are normalized to the amplitude of the electric field of the incoming wave. In principle, the number of equations and the unknowns
are infinite. In practice, the number of equations and unknowns are limited by the order of the spherical Bessel functions. For a given argument of the Bessel functions, an upper limit on the order is reasonably well known since the amplitude of the Bessel functions decays rapidly as the order exceeds the argument [8] . In the computational results that are discussed below, we ensure that the results are numerically converged.
Results and discussion
We consider an ordinary wave in the EC frequency range incident on a blob of radius 2 cm. The density of the background plasma, composed of deuterium ions and electrons, is taken to be 10 19 m −3 and the ambient magnetic field is 4.13 Tesla. The EC frequency is 170 GHz and the incoming ordinary wave is propagating in the x − z plane at an angle of θ 0 = 88.6
• with respect to the direction of the magnetic field along the z axis. Thus, ϕ 0 = 0 and the free-space wavelength of the wave is λ x ≈ 0.18 cm in the x-direction and λ z ≈ 7.05 cm in the z-direction. The electric field vector of the ordinary wave is primarily along the z-direction.
In order to check our analytical formulation, as well as the corresponding numerical code, we first assume that the blob density is the same as the background density. Figures 1a and 1b show the phase of E z , the component of the electric field vector along the z-direction, in the x − z and y − z planes, respectively. The white outline of the blob is as shown in Fig. 1a . The spacing of the peaks in the x-direction in Fig. 1a corresponds to λ x . Figure 1b shows that the wavelength along the z-direction is approximately equal to λ z and the wave is uniform along the y-direction. The wave structure, as expected, is exactly the same inside the blob as outside and there is no discontinuity in the electric field across the blob boundary. So Figs. 1a and 1b are just the pictorial representation of the ordinary plane wave. The phase of E y , the y-component of the electric field, is exactly the same as shown in Figs. 1a and 1b . This is not surprising since the electric field vector is that of a pure plane wave. It is important to note that the entire analytical formalism described in the previous sections is used to obtain the results in Figs. 1a and 1b .
In the next set of figures we take the blob density to be 2×10 19 m −3 , which is twice the background density. In Fig. 2a we plot the phase of E z in the x−z plane. The discontinuity in E z near the edge of the blob, required by the boundary conditions, is quite evident. However, it is interesting to note that the phase remains almost similar to that in Fig. 1a in the regions away from the boundary layer. However, in the y − z plane, the phase of E y in Fig. 2b is quite different from that in Fig. 1b . The phase structure is an indication that the extraordinary wave is excited through the scattering process. The electric field of the extraordinary wave has a significant component along the y-direction. In Figs. 3a and 3b we plot, in the x − z plane, the amplitude of the total electric field |E| inside and outside the blob. Figure 3a shows that the electric field amplitude is markedly enhanced in the region near the boundary of the blob. It is also evident that electric fields are propagating along the ±z-directions which is the direction of the ambient magnetic field. If we suppress the large amplitude fields in the vicinity of the blob boundary, the structure of the scattered fields and the fields inside the blob become more evident. This is shown in Fig. 3b where we note that most of the scattering is in the forward direction. There is very little backscatter. The incoming ordinary plane wave is incident on the blob from the left. The spectrum of the wave propagating towards the core of the plasma after the interaction with a blob is quite broad. The electric fields of waves propagating along the ±z-direction have significant amplitudes.
In Figs. 4a and 4b we plot |E| in the y − z plane. The field patterns inside and outside the blob are spatially structured and an indication of the extraordinary waves being excited by the interaction. The enhanced fields along the ±z-directions point to the excitation of surface modes that are propagating along, or opposite, to the direction of the ambient magnetic field.
01003-p. 8 We have developed a full-wave model for illustrating the effect of density blobs on the propagation of radio frequency waves. This study is quite relevant since the edge region of tokamak plasmas is dominated by fluctuations and blobs. The radio frequency waves have to interact with this active region as they propagate from the excitation structure toward the core of the plasma. The geometric optics analysis has shown that the interaction of electron cyclotron waves with a distribution of blobs can spatially deflect the wave in ITER-type plasmas [3] . Furthermore, there is a spreading of the spectrum of the waves which would lead to a broadened current profile. The full-wave scattering model is not limited by the restrictions inherent to the geometric optics approximation. This model applies to blobs with densities of arbitrary proportions relative to the background density. The full-wave model shows that electron cyclotron waves are diffracted by blobs and that the subsequent spectrum of the propagating waves is affected. Waves that are different from the incident waves are excited and the propagation of these waves is spatially spread out. The electric fields in the boundary layer surrounding the edge of the blob are enhanced and surface waves propagating along the direction of the ambient magnetic field are excited. A detailed quantitative analysis of the scattering will be published elsewhere.
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Appendix
The vector harmonic functions and the vector spherical harmonics are discussed in [6, 7] . We follow the notation used in [7] . The vector harmonic functions are given by 
is the normalized surface harmonic of the first kind [8] .
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